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Abstract
This paper serves as an exploration of how billiard balls behave when they are shot inside a
billiard table. It relates their movement to that of Lissajous curves, and then builds and
proves a parametric equation based on such curves which models the movement of a ball
shot in billiard table, generalizing the dimensions of the table, the starting position of the
ball, and the angle from which the ball is shot, and ignoring friction, air resistance, and any
speed lost during collision with the walls of the table. It then attempts to generalize the
model further to incorporate a pool table that has been tilted horizontally by a given angle.
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Introduction

The game of billiards has existed in some form since the 15th century, and within two
centuries became one of the most popular games in northern Europe, and was mentioned in
Shakespeare’s Antony and Cleopatra. At first, the game was played outside on a lawn, but
was eventually moved indoors and played on rectangular tables like the ones used today.
Eventually, some billiard players discovered that one could use the walls of “banks” of these
tables to their advantage by aiming for them and having the ball bounce off them. This
technique is now one of the most essential in the game of billiards, which has taken on many
different variations since its conception. The most common variation of billiards is 8-ball
pool, which is played on a “pocketed table” with holes in each corner and in the middle of
the two longer sides1. This paper studies the interesting paths that billiard balls make when
they are shot in a billiard table.
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Fig. 1.1 A billiard ball’s path as it travels about a pool table.2

Fig. 1.2 The path of a ball shot in a billiard table with standard
2:1 dimensions from the center of the table, at an angle of
45° ( π4 radians) from the positive x-axis graphed on a coordinate plane.

Unsurprisingly, these paths have been studied by mathematicians. The field of mathematics
that deals with the paths of a point particle travelling about a billiard table is known as
mathematical billiards. Mathematicians have studied the behavior of balls shot in billiard
tables of various polygonal and non-polygonal shapes, including triangles, parallelograms
and ellipses.3,4,5 Physicists have also applied mathematical billiards into the physical realm,
making the ball a hard sphere of a given radius rather than a point particle, and
incorporating forces such as friction and inelastic collisions. This field is known as physical
billiards.6 This paper will focus solely on mathematical billiards inside a rectangular table.

4
Billiard paths inside a rectangular table bear a striking similarity to a type of parametric
curve known as a Lissajous curve. These curves are of the form

.
If

a
b

∈ ℚ , the equation is periodic, and the range of t can be written as t ∈ [0, 2π) .

Lissajous curves have been studied in depth, and one characteristic they possess is that by
taking the arcsine of both x(t) and y (t) , one can obtain a parametric that resembles
mathematical billiards in a rectangular table.6 This characteristic will become the basis for
the model of a point’s movement about a rectangular billiard table that is constructed in this
paper.

Fig. 1.3 The graph of a lissajous curve with a = 5, b = 3 , and x0 = 0 versus a parametric which
resembles the path of a ball being shot in a billiard table with ratio 1:1 at and angle of arctan( 35 ) with the
positive x-axis. Note the similarity in shape between the two graphs.

2 Building the Model for a Normal Shot
2.1 A parametric for the simplest case
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In order to understand why this model works, we will begin with its simplest case, where
there are no coefficients or constants.

.
The Cartesian graph of this parametric equation is quite unremarkable:

Fig. 2.1 The graph of the simplest case of the model.

From t = 0 , the equation simply acts as if it were y = x until t =
functions as if it were y =− x until t =

3π
2

π
2

. From there it

, after which it behaves like y = x again. When t

reaches 2π , the parametric begins to repeat itself due to the properties of the sine function.
In fact, the domain of t could simply be written as
However, this parametric still proves to be helpful, as it does model a specific
instance of a ball bouncing around a flat billiard table: one with dimensions π : π , initial
position (0, 0) and initial angle

π
4

. The ball starts on its path, hits the top-right corner,
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reverses direction, hits the bottom left corner, reverses direction again, and repeats. If this
were a pocketed pool table, the ball would simply fall into the top right pocket.

2.1.1 The Importance of arcsin(sin)
While at first glance, taking the inverse sine of the sine of t seems like a fairly useless
procedure, since f −1 ((t)) = t by the definition of an inverse function. However, taking the
arcsine of the sine of t has a crucial purpose in modeling a point travelling inside a billiard
table: creating the effect of the ball bouncing off the table’s walls. Observe how
x(t) = arcsin(sin t) affects the ball’s movement in the x-direction. Since arcsin finds the value
of the angle on the unit circle with a certain y-value closest to 0, when
π
2

+ 2πk > x(t) >

3π
2

+ 2πk∀k ∈ ℤ , arcsin(sin(x(t))) outputs − x(t) +

π
2

+ 2πk . Therefore the

ball will start moving in the x-direction in the opposite way it was before, starting from
x=

π
2

. This is what creates in the model the motion of the ball bouncing off the table’s walls.

2.2 Generalizing the Table’s Dimensions
It was observed in 2.1 that the dimensions of the billiard table in the simplest case are π : π .
Therefore, by rules of transformations, in order to increase the dimensions to a : b , where
a > 0 and b > 0 , one should multiply the original x(t) and y (t) by

a
π

and

obtain the parametric

.

b
π

, respectively, to
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Fig. 2.2: The graph of the above parametric when a = 2 and b = 3 . The parametric is enclosed in the equations
|x| = 1 and |y| =

3
2

to better show the dimensions of the billiard table. Observe the angle the equation makes
with the positive x-axis is arctan( 32 ) .

However, this presents a new problem: the angle from which the ball is shot is
affected by this transformation. Since at this point in the making of the model that angle
should be held at

π
4

, this is something that needs to be addressed.

Since t represents time, x(t) and y (t) represent distances, and D = rt , any
coefficient present in the function can be thought of as a rate. This means that when x(t)
and y (t) are multiplied by

a
π

and

b
π

respectively, not only are the horizontal and vertical

distances scaled in the ratio a : b , but the rate at which the ball moves in the x- and
y-directions are also scaled in the ratio a : b . When the starting angle =

π
4

, that ratio is 1 : 1

since tan( π4 ) = 1 , so speed is applied equally in the x- and y-directions. This explains why the
ball continues to hit the corners of the table like it did in the original equation.
In order to keep this ratio 1 : 1 , a b coefficient must be added to x(t) and an a
coefficient must be added to y (t) so the ratio equals ab : ba = 1 : 1 . However, if these
coefficients are added on the outside of the arcsin(sin) functions they will act as scalars for
the dimensions of the billiard table, which is not supposed to change. Therefore they must
be added on the inside of the arcsin(sin) functions, yielding the following parametric:
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.

Fig. 2.3: The graph of the above parametric for a = 3 and b = 2 . Observe the angle the equation makes with the
positive x-axis is now arctan( 11 ) =

π
4

.

2.3 Generalizing the Starting Position of the Ball
Let (x0 , y 0 ) represent the initial starting position of the ball, i.e. the values of x(t) and y (t)
respectively when t = 0 . Let −

a
2

≤ x0 ≤ a2 , and −

b
2

≤ y0 ≤

b
2

because the ball must start

within the dimensions of the pool table. Since x(t) = t + x0 will have initial x-value x0 , it can
be determined that these terms will be constants in the equation. Similar to the reasoning
used in 2.1, adding these constants to the outside of the arcsin(sin) function will add x0 to
every value of x(t) and add y 0 to every value of y (t) , giving the undesired effect of
translating the whole equation right by a factor of x0 and up by a factor of y 0 . Therefore
these constants must be added inside the arcsin(sin) function, yielding the parametric

.
However, this parametric fails to produce the desired values of x(0) and y (0) for the ball in
certain cases. An example of this is the condition a = 3, b = 2, x0 =− 12 , y 0 = 14 .
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x(0) = π3 arcsin(sin(2(0) + (− 12 )) =−
y (0) = π2 arcsin(sin(3(0) + 14 ) =

3
4π

3
2π

=/ x0

=/ y 0

This error occurs because of the coefficients
and y (0) by

a
π

and

b
π

a
π

and

b
π

, which scale the correct values of x(0)

respectively. Therefore the parametric which produces the desired

values of x(0) = x0 and y (0) = y 0 is

.
The formal proof of this is as follows:

Let x(t) = πa arcsin(sin(bt + πa x0 )) , where −

a
2

≤ x0 ≤

a
2

.

Then x(0) = πa arcsin(sin(b(0) + πa x0 ))
= πa arcsin(sin( πa x0 )
Note that we earlier defined x0 as −
Then −

π
2

≤ πa x0 ≤

π
2

a
2

≤ x0 ≤

a
2

.

. Note that since the arcsine function is the inverse of the sine function

on the interval [− π2 , π2 ] , arcsin(sin(θ)) = θ∀θ ∈ [− π2 , π2 ] .
Then

a
π
π arcsin(sin( a x0 ))

=

a
π

π
* a x0 = x0 .

The proof that y (0) = y 0 is analogous.

2.4 Generalizing the Angle at Which the Ball Is Shot
Let θ represent the initial angle the ball’s path makes with the positive x-axis, with
θ ∈ [0, 2π) .
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Again, the solution to this problem can be thought of in terms of rates. At any point in time
ta before the ball has collided with the billiard table’s wall and the ball has travelled a
distance d , the ratio between the x-component of the distance it has travelled and the
y-component of the distance it has travelled is cosθ : sinθ . Since these distances happen over
the same time period, the ratio of time for the x- and y-directions is 1 : 1 . Using D = rt
again, we can conclude that the ratio of the rates must be cosθ : sinθ . This ratio can be
plugged into our parametric similar to part 2.2, yielding the final parametric equation:

The proof of this is as follows:
Imagine the point where the pool ball hits the wall of the table for the first time. Assume this
happens on a horizontal wall.

y(t)−y 0
WTS: x(t)−x
0

= tanθ

Then x(t) =± a2 .
Then arcsin(sin(b * cosθt + πa x0 )) =±
Then b * cosθt + πa x0 =±
Then

t=

π
2

π
2

by properties of the sine and arcsine functions

± π2 − πa x0
b*cosθ

Since the ball has yet to come into contact with a vertical wall, y (t) is not affected by the
arcsin(sin) function (if it were the ball would have hit the wall and reversed direction), so
y (t) = πb (a * sinθ * t + πb y 0 )
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Then

y (t) =

b
π (a

*

± π2 − πa x0
sinθ b*cosθ

=

a(± π2 − πa x0 )
b
π (tanθ
b

+ πb y 0 )

=

π(± a2 − aa x0 )
b
π (tanθ
b

+ πb y 0 )

= πb (tanθ

π(x(t)−x0 )
b

+ πb y 0 )

+ πb y 0 ) (given x(t) =± a2 )

= tanθ(x(t) − x0 ) + y 0
Then

y (t) − y 0 = tanθ(x(t) − x0 )

y(t)−y 0
Then x(t)−x
0

= tanθ

∴ the initial angle from the positive x-axis at which the ball travels equals θ .
The proof for when the ball hits the vertical wall is fairly analogous, instead producing
x(t)−x0
y(t)−y 0

= cotθ in the final step, which is equivalent to the equation above.

Note: the proof in 2.3 still works with sinθ and cosθ included, since they are coefficients of
t and in the proof t = 0 .

2.5 The Complete Model for a Flat Billiard Table
The path of a ball shot from initial position (x0 , y 0 ) at angle θ from the positive x-axis in a
billiard table with dimensions a : b with the center of the table at the origin can be modeled
by the following parametric equation:
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Where 0 ≤ θ < 2π, −

a
2

≤ x0 < a2 , and −

b
2

≤ y 0 < b2 . This model assumes there is no friction

between the ball and the table, ignores air resistance, and assumes the ball makes an elastic
collision with the walls of the table (i.e. no speed is lost when the ball hits the walls).

Fig. 2.3 A graph of the model for a = 2√3, b = 2, x0 =− 12 , y 0 =

Fig. 2.4 A graph of the model for a = 5, b = 3, x0 = 1, y 0 =− 12 , and θ =

2π
3

1
4

π
6

.

for t ∈ [0, 2π) Note that the graph

of this equation does not “close,” i.e. the equation is not periodic. This is because
how the graph of a Lissajous curve will not “close” if

, and θ =

b
a

bcosθ
asinθ

is irrational, similar to

is irrational.6
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3

Incorporating a Horizontal Tilt

3.1 Determining the Initial Speed of the Ball
In the lengthy history and many variations of billiards, one aspect that has remained
constant is that the game is played on a flat table.1 This paper explores what happens if that
assumption is broken. Before, since the ball would move at constant speed and because the
parametric was on the interval [0, ∞) the actual rate of travel of the ball did not mater. Since
a tilt is now present, the force of gravity will act on the ball and its speed will therefore
change, so its initial speed needs to be incorporated into the model. Let s represent the ball’s
initial speed, where s ≥ 0 . Since the ball is shot from angle θ , its horizontal speed
component will equal s * cosθ and its vertical speed component will equal s * sinθ . Since it
is known from previous work that the horizontal speed, or rate, of the ball in the previous
model is

a
π

* b * cosθ and the vertical speed is

b
π

* a * sinθ , in order to produce the correct

rates our model will need to be modified to produce the parametric

,
which can be simplified to

.

3.2 Finding the Acceleration Caused by a Tilt
To start to solve how to incorporate a constant acceleration in the x-direction into the
model, an idea would be to begin by finding the acceleration constant, integrating it to find
the velocity in that direction, and plug that into the model s * cosθ . Let v x represent the
velocity in the x-direction. Since velocity is now changing and position is equal to the
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integral of velocity plus initial position, ∫ v x dt can be substituted for s into the previous
equation to get

.
Let θx represent the horizontal tilt of the table, where θx ∈ [ −π
, π ] . Note that θx > 0 means
2 2
the side of the table on the positive x-axis is tilted up. If the table is tilted θx radians in the
x-direction, then the acceleration in the x-direction caused by gravity on the ball is equal to
sinθx * g , where g is the negative acceleration caused by gravity.

Fig. 3.1 An acceleration diagram showing the component of the ball’s acceleration parallel to the x-axis.

3.3 Finding an Equation for the Velocity
The initial velocity in the x-direction is known from 3.1 to be s * cosθ . So integrating the
acceleration with respect to t will yield v x (t) = (sinθx * g )t + s * cosθ . However, this
equation does not yet model the ball bouncing off the table’s walls. When the ball bounces
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off the wall of the table, the velocity undergoes a sign change but the acceleration does not.
The graph of velocity with respect to time would resemble the following graph:

Fig. 3.2 A visualization of what type of graph v x might have.

This graph models the function f (t) = 2 * mod(t − 1, 1) − 1 , where each grid line marks

1
2

a

unit. Using a modulus provides the effect of the graph jumping from 1 to -1 at certain
y-values. Due to the behavior of moduli, the y-value of a graph of an equation mod 1 will
“jump” to 0 when it hits the value of 1. Let vhit represent the velocity of the ball when it hits
the horizontal edge of the table. The desired behavior for the model is for the equation to
“jump” to − v hit when it hits the output value vhit to mimic the sign change in the ball’s
velocity, so the equation must be dilated in the v x -direction by a factor of 2vhit and then
translated downward in the v x -direction by a factor of vhit .
In addition, the equation’s slope must equal its acceleration, which was found to equal
sinθx * g . Dilating the equation by a factor of 2v will have also dilated its slope by the
hit
same factor, since the equation f (t) = mod(t, 1) has a slope of 1. Therefore, to make the slopes
sinθ g
of the lines equal to sinθx * g , t must be multiplied on the inside of the modulus by 2v x * .
hit

x *g
So far, the equation looks like v x (t) = 2vhit * mod( sinθ
* t, 1) − vhit .
2v
hit
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Finally, the point (0, s * cosθ) must lie on the equation because s * cosθ is defined as the
velocity of the ball in the x-direction when t = 0 . This will be accomplished by adding a
constant c inside the modulus to translate the equation horizontally. To find the value of
this constant, simply plug in (0, s * cosθ) into the equation so far to find the value.
x *g
s * cosθ = 2vhit * mod( sinθ
* 0 + c, 1) − vhit .
2v
hit

s * cosθ = 2vhit * mod(c, 1) − vhit
mod(c, 1) =

s*cosθ−vhit
2vhit

Therefore, our final velocity equation is:

v x (t) = 2v hit * mod(

sinθx *g
2v hit

v x (t) = v hit (2 * mod(

*t+

s*cosθ−v hit
, 1)
2v hit

sinθx *g *t+s*cosθ−v hit
2v hit

− v hit , which can be simplified to

, 1) − 1)

3.4 Finding v hit
Using the law of conservation of energy, it is known that if we consider the height of the
billiard table where there is no height, the potential energy of the ball plus its kinetic energy
when it is initially hit will equal its kinetic energy when it hits the bottom of the table. The
initial velocity of the ball in the was determined earlier to equal s * cosθ , and using
trigonometry the initial height of the ball can be determined as ( a2 − x0 ) * sinθx , where a is
the width of the billiard table and x0 is the initial starting position of the ball on the table.
However if θx < 0 , the height would equal ( a2 − x0 ) *− sinθx since the other end of the table is
considered the bottom. Since sine is an odd function, these two can be consolidated to get
the expression ( a2 − x0 ) * |sinθx | . Using the formulas for potential and kinetic energy, an
equation for v hit can be found:
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g * ( a2 − x0 ) * |sinθx | + 12 s2 + 12 v 2hit = 0 .
Since the velocity, and therefore kinetic energy, in the y-direction stays the same, it cancels
out and does not need to be included in the equation.
Solving for vhit , we find that vhit =
This allows us to substitute

√− 2g * (

√− 2g * (

a
2

a
2

− x0 ) * |sinθx | + s2 .

− x0 ) * |sinθx | + s2 in for v hit in the equation from 3.3,

yielding

vx =

√− 2g *

( a2

− x0 ) * |sinθx | +

s2

* (2 * mod(

sinθx *g *t+s*cosθ−√−2g *( a2−x0 )*|sinθx |+s2
2√−2g *( a2−x0 )*|sinθx |+s2

, 1) − 1)

Substitute this equivalent expression for v x into the parametric

.
To create the final model.

3.5 Error in the New Model
Unfortunately, this model is not complete. The model does render the equation well until it
hits a horizontal edge of the table, at which point it seems to lose the curvy nature that a real
ball would possess. This is partially due to a graphing software error when attempting to
integrate v x . However it is most likely due to the equation for v x yielding the wrong values
of t for when the velocity is supposed to switch. In order for the model to be fixed, some
possible routes could be finding a different way to calculate v hit , or skipping the integration
and trying to find an entirely new equation for x(t) .
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Fig. 3.3 A graph of the model when a = 8, b = 4, x0 =− 1, y 0 = 0, θ = π4 , s = 3.75, g =− 9.8, and θx =

θ
30

on the

interval t ∈ [0, 2π] . Observe the ball curve downward as it travels along its path.

Since the equation for v x appeared to be a series of line segments, the equation of its integral
resembles a series of segments of parabolas. A possible estimation for this type of equation
could be using a function of the form a * |sin(bx + c)| + d . The qualifications this equation
would need to fit in order to produce the model would be the initial condition (0, x0 ) , the
initial condition of its derivative (0, s * cosθ) , and a maximum/minimum value of

a
2

or - a2

respectively depending on the tilt of the billiard table.

Fig. 3.4 The graph of y =− |sin(πx + π2 )| , an estimate for the antiderivative of Fig. 3.2 with initial condition
(0,− 1) . Note that while the derivative of Fig. 3.2 is constant, the second derivative of this equation is not
constant.

4 Conclusion
This paper explored the relationship between a point’s orbit about a level, rectangular
billiard table graphed on a Cartesian plane and the billiard table’s width and length, the ball’s
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starting position, and the angle from which the ball is shot, using trigonometry and
parametric equations. It created a parametric that accurately modeled this relationship, and
related it to the concept of Lissajous curves. It then attempted to create a model which
generalized a horizontal tilt in the billiard table, which was not entirely successful. One
problem-solving skill that proved useful in the development of this paper was to not be hung
up on trying to use one area of mathematics to find a solution; this paper seems to be heavily
trigonometry-oriented at first, but also incorporates elements of both moduli and physics,
which were very useful in building the model. Future research would attempt to make a
correct model for the tilted table, possibly by using mods to create an equation for position
rather than velocity that would resemble a series of segments of parabolas. One thing to note
is the ball’s behavior when it hits the r aised horizontal edge. Other possible areas of study are
modeling a two-dimensionally tilted table, changing the model for a flat table so that it
models a non-rectangular table, adding three-dimensional movement to the model, or
bringing the model into the realm of physical billiards by incorporating the forces of friction
and air resistance as well as a ball with a finite radius and realistic inelastic collisions.
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